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Note: These are QuestlQQ Academy’s own worked solutions to the Mathematics section only of
this paper (Physics and Chemistry are outside QuestIQ Academy’s Math-only scope). Section 1 =
single correct; Section 2 = one or more correct; Section 3 = single-digit integer.

Q.1

—71/6 <0 < —7/12. a1, By roots of x2—2xsecH+1 =0 (ay > B1); ag, B2 roots of x> +2rtanf—1 =
0 (052 > ,82) Find a1 + Bo.

Solving the quadratics: aq, 81 = secf £ [tanf| and ag, 2 = —tanf + sec (using secd > 0
here). Since § < 0, tanf < 0 so |tanf| = —tan6, giving ay = secf —tan 6 and S = — tan f —sec .
Sum: a1 + B2 = —2tan6.

Answer: (C) —2tané

Q.2

Debate club: 6 girls, 4 boys. Team of 4 (with a captain chosen from the /) including at most one
boy. Count the ways.

0 boys: (2) teams x 4 captain choices = 15 x 4 = 60. 1 boy: (g) (;1) teams X 4 captain choices

= 80 x 4 = 320. Total = 60 + 320.
Answer: (A) 380

Q.3

S={z € (~mmn):x#0,£7/2}. Sum of all distinct solutions of v/3 sec z-+cscx+2(tanz—cot ) =
0in S.

Multiplying through by sinzcosz gives v/3sinz 4 cosz = 2cos2z, ie. 2sin(z + 7/6) =
2cos2x = 2sin(m/2 — 2z). Solving the two general-solution branches within (—m,7) gives x =

/9, Tw/9, =57 /9, —7/3, none of which are excluded values. Their sum telescopes to 0.
Answer: (C) 0

Q.4

Plant Ty: 20% of output, Ty: 80%. P(defective | T1) = 10 P(defective | To); overall 7% defective.
Given a computer is NOT defective, find P(Ty).
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Let P(D | T3) = p; then 0.2(10p)+0.8p = 0.07 = 2.8p = 0.07 = p = 0.025, so P(D | T1) = 0.25.

0. 9 0.78

P(not D) = 0.2(0.75)+0.8(0.975) = 0.93. By Bayes’ theorem, P(7 | not D) = 8 553 ®_ 003"
Answer: (C) 78/93 ' '

Q.5

1
Least a € R for which 4ax® + = > 1 for all x > 0.
x

For a > 0, minimising f(z) = 4a2? + 1/x gives f'(z) = 8ax — 1/2% = 0 = 23 = 1/(8a),
and at this point f(x) = 3/(2z). Requiring the minimum to just reach 1 gives x = 3/2, hence
a=1/(82%) =1/(8-27/8) = 1/27.

Answer: (C) 1/27

Q.6

Pyramid OPQRS in the first octant: O origin, OP,OR along axes, base OPQR a square with
OP = 3; S is above the midpoint T of diagonal OQ with T'S = 3.

O = (0,0,0), P = (3,0,0), R = (0,3,0), Q = (3,3,0), T = (1.5,1.5,0), S = (1.5,1.5,3).
(A) cos(ZQOS) = |g“g\‘\(c)>“55| — 3\/573\/6/2 = % # 1, so this is false. (B) Plane OQS has normal
0Q x 08 || (1,-1,0), giving  —y = 0, true. (C) Distance from P = (3,0,0) to x —y = 0 is 3/v/2,
true. (D) Distance from O to line RS (through R = (0, 3,0), direction (1.5, —1.5,3)) works out to

V15/2, true.

Answer: (B), (C), (D)

Q.7

f:(0,00) = R differentiable, f'(x) =2 — f(x)/z, f(1) # 1.

This is the linear ODE [’ + f/x = 2, giving (xf) = 2z, so f(z) = x + C/z with C # 0 (since
f() =14+C #1). (A) fllx) =1-C/2? so f'(1/r) =1—-C2%? = 1 as x — 0T, true. (B)
rf(1/x) = 2(1/x + Cx) = 1+ Ca? — 1 # 2, false. (C) 22f'(x) = 22> — C — —C # 0, false. (D)
Since C # 0, f(x) — oo as x — 0T, so |f(x)| < 2 fails near 0, false.

Answer: (A)

Q.8

3 -1 =2
P=(2 0 «a|,Q=]lqg; withPQ=FkI (k+#0), a3 = —k/8, det(Q) = k?/2.
3 =5 0

Since PQ = kI, Q = kadj(P)/det(P), and det(Q) = k3/ det(P); combined with det Q = k?/2
this gives det P = 2k. Direct expansion gives det P = 12« + 20 = 2k. Matching go3 = (adjP)23/2
(since @@ = adj(P)/2 once det P = 2k) to —(3ax +4)/2 = —k/8 and solving simultaneously gives
a= -1,k =4 (so (A) is false, and 4o — k +8 = —4 — 4+ 8 = 0, (B) true). Then det P = 8,
det(P adjQ) = det P-(det Q)% = 8-64 = 2° (C true), while det(Q adjP) = det Q- (det P)? = 8-64 =
29 £ 213 (D false).
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Answer: (B), (C)

Q.9
s—xr Ss—Yy S—z

ANXYZ:2s=x+y+z, T -3 - 3 , incircle area = 8m/3.

Setting the common ratio to t gives s = 9t and sides = 5t,y = 6t,2 = 7t. From r? = 8/3
and 7 = Area/s together with Heron’s formula Area = 61/6t2, solving gives t = 1: sides 5,6, 7,

Tyz 210  35v6 , 35V6

Area = 61/6 (A true). Circumradius R = TAron = 24\[ 91 # 5 (B false). Using
r o= 4Rsin§sin%sin%: sin%sin%sin% = é = 3 (C true). With cosZ = %Qy_zz = L

2(X—2&-Y) — COSZg 1+cosZ (D true).

Answer (A), (O), (D)

Q.10

d
(22 + xy + 4o + 2y+4)£ —y?2 =0, >0, through (1,3).

The denominator factors as (z + 2)(x + y + 2). Substituting u = 2 + 2, y = vu reduces the

equation to a separable form, integrating to In |y| + o 1+ 1n3 (using the initial condition).
x

Substituting y = x + 2 gives In(x +2) +1 =1+1In3 = x = 1 — exactly one intersection (A true, B
false). Substituting y = (z + 2)? gives 2In(z + 2) + (z +2) = 1 +1n3, whose LHS already exceeds
the RHS at = 0 and keeps increasing — no solution for 2 > 0 (C false). Substituting y = (z + 3)?
similarly never reaches 1 + In3 for z > 0, so the curve does not intersect it (D true).

Answer: (A), (D)

Q.11

fx) =23 +32+2, g(f(x)) =z, h(glg(x))) = z for all z.

Since f is strictly increasing (as f'(z) = 32243 >0), g = f',and h = (gog)™' = fo
(A) g(2) = 0 (since f(0) = 2), f(0) = 3,0 ¢'(2) = 1/f(0) = 1/3 # 1/15, false. (B) h'(1)
FFM) (L) = f(6) -6 = 111 x 6 = 666, true. (C) h(0) = f(f(0)) = f(2) = 16, true. (D) g(3
solves /() = 3 h(g(3)) = F(/(9(3))) = £(3) = 38 £ 36, falsc.

Answer: (B), (C)

f-
)

Q.12

C1 : 2% +y? = 3 meets 22 = 2y at P (first quadrant). Tangent to Cy at P touches Cy,C3 (radius
2v/3, centres Qa, Q3 on the y-azis) at Ry, R3.

Solving gives P = (v/2,1); tangent line v/2z +y = 3. Centres satisfy |c—3|/v3 =2vV3 =c=9
or —3, 50 Q2Q3 = 12 (A true). The tangent points (feet of perpendiculars) are Ry = (—2v/2,7),
R3 = (2V/2,-1), giving RoRs = /324 64 = 41/6 (B true). Area of AORyR3 = 1[(—2v2)(-1) —
(2v2)(7)] = 6v2 (C true). Area of APQoQ3 = £(12)(V2) = 6v/2 # 4v/2 (D false).

Answer: (A), (B), (C)
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Q.13

Unit circle 22 4+ y? = 1, diameter RS with S = (1,0). P wvariable point, tangents at S, P meet at
Q; normal at P meets the line through Q parallel to RS at E. Locus of E passes through which
point(s)?
With P = (cosf,sinf): Q = (1, 151?;9), and working through the intersection gives E =
cosf 1—cosb
<1 +cosf’ sind
puting the corresponding y: (1/3,1/v/3) and (1/3, —1/4/3) both check out (at § = 47/3), while
(1/4,41/2) do not (the actual y value there is +1/1/2).
Answer: (A), (C)

>. Checking each option’s z-coordinate against cosf = z/(1 — x) and com-

Q.14

x  x? 1+ 23

2¢ 4z 1+ 8z3| =10. Number of distinct real x.
3z 9z? 142727

Row-reducing (Ry — R — 2Ry, R3 — R3 — 3R;) and expanding along column 1 gives the
determinant = 1225 4 223, Setting 625 4+ 23 — 5 = 0 and solving as a quadratic in 2° gives 2® = 5/6
or % = —1, each with a unique real cube root.
Answer: 2

Q.15

m = smallest positive integer such that the coefficient of x* in (1+z)?+---+ (1+2)* + (1 +mx)>
is (3n + 1)( ) for some positive integer n. Find n.

The coefficient is ( ) +m ( ) 19600 + 1225m? (using the hockey-stick identity), and (53)
20825 = 1225 x 17. Writing 19600 = 1225 x 16, the condition reduces to 17 | (16+m?), i.e. m = +1
(mod 17). The smallest positive m is 1, but this gives n = 0 (not positive); the next is m = 16,
giving (16 + 256)/17 = 16 = 3n + 1 = n = 5.

Answer: 5

Q.16

Number of distinct x € [0, 1] for which / dt =2z —1.

Let F(x fo

IVT. Since F’( ) =
the root is unique.
Answer: 1

dt —2z+1. F(0)=1>0and F(1) < —1 < 0, so a root exists by the
—-2< % —2 < 0 always (using 1+ 2% > 222), F is strictly decreasing, so

1+t4

1+:04
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Q.17

2 .
tim Z505Y) i 6o+ B).
z—=0 ax —sInx
If o # 1 the denominator is O(x) while the numerator is O(x3), giving limit 0 # 1; so a = 1,
making the denominator z —sin z ~ 2%/6. The numerator ~ Bz, so the limit is 63 =1 = 3 = 1/6.

Answer: 7

Q.18

-1 31 _\T 2s
z = _;\[Z = w (primitive cube root of unity), r,s € {1,2,3}. P = <( st) er> Find the
number of (r,s) with P? = —1I.

Writing P = (Z Z), P? = —T requires b(a + d) = 0 and a? +b> = —1. Since b = w? # 0
always, we need a = —d, i.e. (—1)"w” = —w" = 7 odd (r = 1 or 3). Checking a® + b> = —1 for
each: only r = 1,5 = 1 satisfies w? + w = —1 (a known identity); all other combinations fail (e.g.
r = 3 forces w* = —2, impossible since |w**| = 1).

Answer: 1



