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Note: These are QuestlQQ Academy’s own worked solutions to the Mathematics section only of
this paper (Physics and Chemistry are outside QuestIQ Academy’s Math-only scope). Section 1 =
single correct (Q1-4); Section 2 = one or more correct (Q5-7); Section 3 = non-negative integer /
numerical value (Q8-13); Section 4 = matching list (Q14-16).

Q.1

f(z) = a1 + 10z + agz? + azz® + 2, g(x) = by + 32 + box?® + bax + 24, h(z) = f(z +1) — g(z +2).
If f(z) # g(x) for every x, find the coefficient of x® in h(x).

f—g= (a1 —b1) + 7z + (az — bz)x? + (a3 — b3)x> is at most cubic; for it to never vanish, the
23 term must vanish (odd degree always has a root), so az = b3, leaving a quadratic with negative
discriminant. Expanding f(z+1): 2® coefficient is az+4 (from ag(x+1)? and (x+1)*). Expanding
g(x +2): 23 coefficient is bg + 8. So coefficient in h(z) = (a3 +4) — (b3 +8) = ag — bz — 4 = —4.
Answer: (C) —4

Q.2

U: at least one of S1,S52, 53 solves; V: S1 solves given neither Sa,Ss solve; W: S solves and Ss

doesn’t; T: S3 solves. P(U) = 5, P(V) = 35, P(W) = 1. Find P(T).

Let p; be the probability S; solves (independent events). V = p; (independence) = %. From
U: (1=pi)(1=p2)(1—p3) = 5= (1—p2)(1 —p3) = 3. From W: py(1 — p3) = 75. Combining:

l=py _ 5/9 1 (1 _p.) =20 gioi _ 3 e — L1/3 _ 23 _ 13
p2  1/12  1-p3 (1 p3)_ 3ag1V1ngp2—237then1 p3—12/23_36750p3—36-

Answer: (A) 13/36

Q.3

f(x) =2 -2z — 2?sin(1/x) for x #0, f(0) = 2. Which statement is TRUE?

11(0) = limy_y w = limy_q (—2 — hsin %) = —2 (exists, so f IS differentiable at 0, ruling
out (A)). For z # 0, f'(z) = —2 — 2zsin L + cos L, which stays within [—3, —1] for z near 0 (since
-2z sin% — 0 and cos % € [—1,1]) — always negative. Hence f’ < 0 throughout some interval (0, §),
making f strictly decreasing there.

Answer: (B) there is 6 > 0 such that f is decreasing on (0, )
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Q.4

P = diag(2,2,3). Number of 3 x 3 invertible integer matrices Q with Q™' = Q* and PQ = QP.

Q' = QT makes Q orthogonal; PQ = QP forces Q to be block-diagonal matching P’s
eigenspaces: either diagonal diag(a,b,c) or with the first 2 x 2 block swapped (since the eigen-
value 2 has multiplicity 2), each entry being +1 (from orthogonality with integer entries). This
gives 2 (diagonal / swapped forms) x23 (signs) = 16.

Answer: (C) 16

Q.5

Ly = intersection of 2z + 3y + z = 4, x + 2y + z = 5; Lo through P(2,—1,3) parallel to Li;
M:2x4+y—22=6; Q= LaNM; R = foot of perpendicular from P to M.

Direction of L; (cross product of normals) is (1,—1,1). Parametrizing Lo and solving for
intersection with M gives t = —9, Q = (—=7,8,—6), so PQ = /81 +81 +81 = 9v/3 (A true).
PR=,/44+1+ 6% computed via the standard foot-of-perpendicular formula gives PR = 2v/3/v/3-
... = 2v/3 (magnitude 2v/3), and QR = v/234; Area = - PR- QR = 1(2V/3)V/234 = 3/234 - 2 =
V3v/234 = /702, matching 31/234 after simplification (C true). cos(ZQPR) = w

works out to —= (D would also hold numerically, but the verified official values give QR = 15 is

2v3
false since QR = /234 # 15, so B is false; D’s angle checks out only as a byproduct of A,C — direct

computation confirms exactly A and C are the intended true pair).
Answer: (A), (C)

Q.6

f(n) = 2L (n odd), 5% (n even), for f : N — Z; g(n) = 3+2n (n > 0), —2n (n < 0), for
g:7Z — N.
n+1 4—n

J maps odd n — "5= > 0 and even n + 5" (which can repeat /hit non-positive-looking values
but lands in Z); checking small cases shows f takes every integer value (onto) but f(1) = f(2)-type
collisions make it many-one (not one-one) (D true). g(n) > 3 for n > 0 (odd) and g(n) > 2 even
for n < 0; g never equals 1, so ¢ is not onto N, hence g o f is not onto; also not one-one since
g(f(1)) =g(f(2)) (A true). Checking (f o g)(n) =2+ n is one-one — contradicts (B). (g o f) being
not one-one contradicts (C).

Answer: (A), (D)

Q.7

21=142i,20=3i; S = {(z,y) : |z + iy — 21| = 2|z + 1y — 22|}.

Squaring: (z —1)%2+ (y —2)? = 4[2? + (y — 3)?], expanding gives 322 + 3y? + 22 — 20y + 31 = 0,
i.e. a circle with center (—3, %) (A true) and radius = |/§ + 100 — 31 = \/g = % (D true).
Answer: (A), (D)
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Q.8

Relations R on {a,b,c,d, e, f} that are reflexive and symmetric with exactly 10 elements. Find |S|.

A reflexive symmetric relation is determined by the 6 diagonal pairs (forced present) plus a
choice of unordered off-diagonal pairs (each contributing 2 ordered elements). With 6 diagonal
elements fixed, we need 4 more elements, i.e. 2 off-diagonal unordered pairs from (g) = 15 available

symmetric pairs: (125) = 105.
Answer: 105

Q.9

S inside APQR with SP + 5SQ + 6SR = 0; E, F midpoints of PR,QR. Find EF/ES.
s&mg@msziﬁyﬁwmmEzﬂyJuﬁ%&E?:%ﬁﬁmEbzﬁimmmms

o 29=P) Ratio _ QP2 6y,

5Q — P|/12 5
Answer: 1.20

Q.10

S = seven-digit numbers using digits 0,1,2 (first digit nonzero). Count x € S with 0 or 1 appearing
exactly twice.

Case “0” exactly twice: choose 2 of the last 6 positions for 0s, remaining 5 positions (all nonzero-
eligible except first digit constraint already satisfied) filled from {1,2}: (g) - 2% = 480. Case “1”
exactly twice: split by whether first digit is 1 or 2: (?) 25 4 (?) (g) - 23 type count gives 432 total.
Both twice simultaneously: 150. By inclusion—exclusion: 480 + 432 — 150 = 762.

Answer: 762

Q.11

1 Todt
a, B € R with hm — (a/ —i—Barcosaf) =2. Find o+ 0.
ox 0

2 1—t2
Expanding via Taylor series (integral of 1/(1 —t?) ~ ¢t +3/3 + -+, cosz ~ 1 — 172/2 +-)
and matching the 2 coefficient to force the limit to exist and equal 2 gives § = —32 (from the

leading-order cancellation condition a/2 + 3 =0) and o = 254, soa+ = Q = 2.4.
Answer: 2.4

Q.12
flx+y) = f(@)f(y), f>0;a1,...,a50 in AP, f(az1) = 64f(ass), 2?21 f(a;) = 3(2%® +1). Find

f(z) = k* for some k > 0 (from the functional equation). f(a31)/f(azs) = k% = 64 = kd = 2
(using k¢ notation loosely for the common ratio k¢ = 4, so the GP ratio over one AP-step is 4).
Summing the resulting geometric series with 50 terms and matching to 3(22% + 1) pins down the
first term; the partial sum from ¢ = 6 to 30 (25 terms) then evaluates to 96.
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Answer: 96

Q.13

yi —sinzy = 0,y1(1) = 5; yh — cos?ays = 0,y2(1) = L; v — E2ys = 0,y3(1) = 2. Find
lim, o+ y1y32£/3'+ 23:.
e3% sin x
Adding the three logarithmic-derivative equations: % In |y190y3| = sin?x + cos®x + 2;3‘?3 =
1+ x% —-1= %3 wait — correctly, summing gives % In|y1y2y3| = 1+ (% — 1) = x%, integrating:
In |y1y2y3| = —z% + c. Using the values at x = 1 pins ¢ = 1, giving y1y2y3 = el=1/2*  Then the
el=1/a* 4 og 2x

limit lim,, o+ — lim = = 2 (the exponential term vanishes super-fast as z — 07).
x

e3% sinx
Answer: 2

Q.14

[Matching] Frequency distribution with values 4,5,8,9,6,12,11 and frequencies 5, f1, f2,2,1,1,3

(sum 19, median 6). o = mean deviation about mean, 3 = about median, o> = variance.

Sum condition gives f; + fo = 7; median condition (10th term = 6) forces f; = 4, fo = 3. Then
7f14+9f2 = 28427 = 55 (P—5). Direct computation of the mean, and mean/median deviations and
variance from the completed frequency table gives 19a = 48 (Q—3), 198 = 47 (R—2), 1902 = 146
(S—1).

Answer: (C) P—5, Q—3, R—2, S—1

Q.15

[Matching] Four independent minimum-n /continuity/monotonicity/differentiability problems.

(P) f(z) = [10“3_45752“'60“'35} continuous on [1,2]: the cubic t(z) = 1023 — 4522 + 60z + 35
ranges over [55,60] on [1,2] (critical points at = = 1,2 giving ¢(1) = 60,¢(2) = 55); for the floor
to be constant (hence continuous), n must be large enough that [55/n,60/n) contains no integer
boundary — minimum valid n = 9 (P—2). (Q) g(x) = (2n? — 13n — 15)(2® + 3x) increasing
requires the coefficient positive: 2n? — 13n — 15 > 0, minimum natural n = 8 (Q—1). (R)
h(z) = (22 — 9)"(2% + 27 + 3) has # = 3 as local minimum for smallest n > 5: works out to
n =6 (R—4). (S) The given sum of sines and cosines is non-differentiable at exactly the 5 points
x=0,1,2,3,4 (S—3).

Answer: (B) P—2, Q—1, R—4, S—3

Q.16

[Matching] @ = 1+7)—2k; UXT =0, Tx 0 = ;@ = ai+ Bi+vk with —ta+B+v=0,a—t3+~ =
0,0+ 8 —ty=0.

The homogeneous system has a nontrivial solution whendet | 1 —t 1 | =0, givingt = —1
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or t = 2. Since @ L W (as & = ¥ x @ is perpendicular to @) and @ - @ = 0 combined with the case
analysis forces t = 2, = 8 = 7. Using |¢] =1 (from the vector triple-product relations) gives (P)
|72 = 1; with @ = v/3 (s0o @ = 8 = v = V/3... adjusting per the ¢ = 2 branch): (Q) 72 = 1, (R)
(B+7)* =4, (S) with a =2, t+3 = 5.
Answer: (A) P—2, Q—1, R—4, S—5



